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In this communication, one shows that there exists in the literature a certain form of deformed derivative that can here be identified as the dual of conformable derivative.
The deformed subtraction is used here, together with the duality concept, as the ba- The use of deformed derivative is justified here based on our proposition that there exists an intimate relationship between dissipation, coarse-grained media and some limit scale of energy for the interactions, as already explained in Refs. [1] [2] [3] [4] [5] . In this context, deformed derivatives have emerged as a proposal to deal with complex problems with the mathematical tools of local operators.
One of the most recent definitions of deformed derivative appeared in 2014, with Khalil [6] ; it was called conformable derivative. Another important kind of deformed derivative is the q-derived, in the context of the nonextensive statistical mechanics [7] and also fractal derivative [8] , also called Hausdorff derivative [9, 10] .
Here, one consider that physical basis involved in the justification for the use of deformed derivatives, the mapping into the fractal continuum [1, [11] [12] [13] . We are not talking about including classical definitions of fractional derivatives nor including operators of integer order acting on a d-dimensional space, but one considers a mapping from a fractal coarse-grained (fractal porous) space, which is essentially discontinuous in the embedding Euclidean space, to a continuous one [2] . A mapping into a continuous fractal space naturally yields the need for modifications in the derivatives and, with connection with the metric, the modifications of the derivatives leads to a change in the algebra involved, which, in turn may, lead arrive at a generalized statistical mechanics with some suitable definition of entropy [3] .
Another explanation for deformed derivatives can be thought in terms of a canonical transformation from one Euclidean space to a deformed space [14] . A number of discussions on the physical interpretation of deformed derivatives in terms of the Gateaux extended derivative can be found in Ref. [15] .
To develop the dual conformable derivative, some concepts are necessary. One of these is the concept of duality for derivative operators. The basic ideas of duality, for qdeformed derivative operators, are originally found in Ref. [16, 17] . But there, in terms of a property instead of a basic definition. Also in the reference [16] , appears a derivative of
where there was indicated that it has been first appeared, in this form, in Ref. [18] . The latter reference does not make clear the real origin of this derivative and was inserted it in a certain ad hoc mode. Also in Ref. [16] , the author shows that the dual derivative, related to its dual 
CONFORMABLE SUBTRACTION
In this section, motivated by the deformation on the argument of CD [6] , one obtains a deformed subtraction operation, that one call Conformable Subtraction.
The CD is defined as [6] 
Note that the deformation is placed in the independent variable.
For differentiable functions, the CD can be written as
This can be obtained by a simple change of variable [6] .
One now proceeds to briefly investigate two algebraic operations.
The argument of eq. (1) is
So, the infinitesimal parameter ǫ is
Motivated by the generalized statistical mechanics approach and its related algebra [7, 19] , with the help eq.(4), one can define a conformable subtraction as
With those simple algebraic definitions, the conformable derivative and its dual conformable derivative, respectively, can be expressed formally as
For the DCD, it can be explicitly written as
This latter expression first appeared in
Ref. [18] , but without a clear origin.
Connections with Chen's fractal derivative
It is worthy a short note here on a connection with Chen's fractal derivative [8] [9] [10] .
The Chen's fractal derivative is defined as
Now, by a simple variable change,
For ǫ ≪ 1, we can writ, at first order in ǫ :
So,
= lim
The result above shows that the Chen's fractal derivative is proportional to CD for differentiable functions, up to the first order in the deformation parameter ǫ.
DUALITY FOR CONFORMABLE DERIVATIVE AND CONFORMABLE

INTEGRAL
The concept of duality for derivative operators is already present in the standard calculus and it can be understood in a simple manner.
Consider the first order derivative of a real bijective continuous differentiable function y;
y, x ∈ R.
Now, considering an domain-image interchange as x = x(y), we can define the dual derivative of x relative to y as
The following property will be considered as the main definition of derivative duality:
In this sense, this means that the first order order derivative and its dual are self-dual [16] .
That is,
Now, one can follow in the direction to extend this concept of duality for the derivative operators and for a special case of deformed derivatives. The conformable derivative is one kind of deformed derivatives of a function f .
Considering the defining property (15) extended to conformable derivative, the dual conformable-derivative can be defined, considering one independent variable x as function of y, where x, y ∈ R, continuous and differentiable functions:
For a continuous differentiable real valued function F, with x as the independent variable, one can properly generalize the dual conformable-derivative as
that corresponds to the expression of dual conformable-derivative in eq. (8), for differentiable functions.
The expression in eq. (19) is identical to eq. (8).
All the operators cast above are local operators and not related to any version of noninteger fractional calculus; the latter is a nonlocal operator. This is emphasized here in order to avoid any possible misunderstanding.
In short, one can cast the expressions for conformable-derivative and its dual, for differentiable functions:
An important point to be noticed here is that the deformations affect different functional spaces, depending on the problem under consideration. For the conformable derivative, the deformations are put in the independent variable, which can be a space coordinate, in the case of, e.g, mass position dependent problems, or even time or spacetime variables, for temporal dependent pa-rameter or relativistic problems. The physics will be main guide.
Deformed derivatives and deformed dual derivatives, in the context of generalized statistical mechanics are also present. There, the q-deformed derivative has also a dual derivative and a q-exponential related function. For details the reader can see the Ref.
[14] and references therein. But here, the advantage for the use of dual-conformablederivative will be evident, particularly for issues associated with eigenvalue problems and mass dependent problems.
The Dual Conformable-Integral
In order to define a dual-conformableintegral, one recalls that the conformable integral is already known to have the Riemann integral structure [2, 6] , in such a way that 
Here, the differential element
Following this reasoning, one can write an expression for the dual conformable integral, in such a manner that the fundamental theorem of calculus is also valid:
Defining the dual conformable integral as
can be easily verified that
In so doing, we are ensuring the validity of the fundamental theorem of calculus.
THE LEIBNIZ PRODUCT AND THE CHAIN RULES FOR DUAL CON-FORMABLE DERIVATIVE
For conformable derivative, several properties are well known and it is clear that they share similarities with the standard calculus [6] . So, the Leibniz product property and the chain rule are, respectively,
For the dual-conformable derivative, the rules are directly obtained as follows. For
Leibniz product rule one has
that is symbolized as
The chain rule is determined as
This important result is of great valuable for eigenvalue problems. Particularly with generalized statistical mechanics and with the so called q-exponential functions.
Also important to note is that DCD is a nonlinear operator and in this sense,
.
DUAL CONFORMABLE DERIVA-TIVE EIGENFUNTION AND EIGEN-VALUE PROBLEMS
The stretched exponential is an eigenfunction of the D α x operator [1] , since the simple solution of the equation
along with the the initial condition y(0) = 1, leads to the solution as an stretched exponential of form
Analogously, one may think of an equation
for the dual-conformable-derivative as
Solving, along with the condition F (0) = 1, lead to the following important function
This function is nothing but the reparametrized q-exponential, ubiquitous in the Tsallis version of generalized statistical mechanics [20] . This can clearly seen by redefining the relevant parameter α in term of the entropic parameter q, as α − 1 = 1 − q, or α = 2 − q. By this reparametrization, the solution of eq. (34) becomes
that is exactly the q-exponential [7] , exp q (x), in the Tsallis generalized statistical mechanics.
A very important point to stress here is that, in the case of dual-conformablederivative operator, the chain rule formalized in eq. (30), allows eigenvalue problems. The q-derivative, a version used in the context of Tsallis formalism, does not allow this. It can directly be proven, with the help of eqs. (19, 30) , that the dual conformable-derivative applied to an q-exponential function, with a dilatation on the independent variable, leads to an eigenvalue problem, as follows:
where e q (λx) is the q-exponential and λ is some real eigenvalue and we used α = 2 − q .
It can be verified that this not occur with the use of q-derivative, unless λ = 1 or if one use another kind of q-derivative, called scaleq-derivative [2, 4] .
Another point to observe in eq. (37) is the appearance of α → 2 − q duality. In terms of generalized statistical mechanics, some aspects of this duality were studied in Refs.
[ [21] [22] [23] .
One more point to highlight here is that, despite this is the first time that dual conformable-derivative is more clearly connected with conformable derivative operator, the appearance of analogous derivative is reported in Ref. [18] , however, in this article, it was introduced in some an ad hoc manner.
Potential Applications
• Position- Bohmian mechanics [25] , Zitterbewegung problem [26] and so on. As a prospect for future research, the variational approach, similar to what was done in Ref. [2] but for α near 1 (low nonlinearity limit), shall be re-assed and published elsewhere.
